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1. IMROOUCT ION 
The CLASSY program was developed t o  f i t  mixtures o f  mu1 t i v a r i a t e  normal d i  s- 
t r i b u t i o n s  t o  multichannel, mu l t i acqu is i t i on  spectral  data sets. It thus 
serves simultaneously as a  densi ty  est imator (p rov id ing  an uncondit ional 1  i ke -  
1 ihood for  an observation) and a  c l u s t e r i n g  a l g o r i  thm (prov id ing  a cond i t iona l  
l i k e l i h o o d ) .  Since i t  i s  an t ic ipa ted  tha t  a  p a r t i c u l a r  segment w i l l  e x h i b i t  
cha rac te r i s t i c  features i n  a  sequence of Landsat acqu is i t ions ,  i t  i s  f u r t h e r  
an t ic ipa ted  tha t  CLASSY c lus te rs  w i l l  describe these features, 
A primary goal cf the  developers o f  the CLASSY program was t o  a s s i s t  i n  the 
est imation o f  crop proport ions i n  a  Large Area Crop Inventory Experiment 
(LACIE) segment. This may be accompl i shed if the proport  ion  of each crop o f  
i n te res t  i n  2 c lus te r  can be estimated. If a small subset of the  p i x e l s  can 
be labeled using some other  procedure, the r e s u l t i n g  t r a i n i n g  set w i l l  a l low 
the est imation of the proport ions by the maximum 1 i k e l  ihood method. Such a  
procedure was developed on the  Laboratory f o r  Appl icat ions o f  Remote Sensing 
(LARS) system a t  Purdue Un ivers i ty  (ref.  1). As a  f i r s t  t es t ,  a  t r a i n i n g  se t  
o f  approximately 100 p i x e l s  for  each of 10 segments was labeled from ground- 
t r u t h  data. The estimated propor t ion of small grains w25 compared t o  the  
propor t ion estimated from ground t ru th ,  w i th  very encouraging resu l t s .  
For the present study, the t r a i n i n g  set was labeled by an a n a l y s t l i n t e r p r e t e r  
(AI),  and approximately 200 dots per segment were used. Thus, the experiment 
more nearly approximates appl i ca t i ons  condit ions. Ten LACIE Trans i t  i on  Year 
segments were analyzed us ing the maximum l i k e 1  i hood l a b e l i n g  technique, and, 
using two d i f  Ferent estimates, the propor t ion of small grains was compared t o  
ground t ru th ,  t o  the standard Procedure 1 (P I )  estimate, and t o  an est imate 
from a  l i n e a r  c l a s s i f i e r  t ra ined on labeled dots. This l i n e a r  c l a s s i f i e r  was 
pa r t  of the S t a t i s t i c a l  Analysis System (SAS) package ( re f .  2 ) .  
2. DATA 
Ten LACIE T r a n s i t i o n  Year segments were chosen under t h e  c o n s t r a i n t s  (1 )  t h a t  
t he re  should be soine geographical va r i e t y ,  ( 2 )  t h a t  spec t ra l  data would be 
a v a i l a b l e  a t  LARS, (3)  t h a t  four a c q u i s i t i o n s  of good q u a l i t y  would be a v a i l -  
able, and ( 4 )  t h a t  approximately 200 A I - labe led  dots  would be a v a i l d b l e  f o r  
each a c q u i s i t i o n .  I n  a l l  cases, t he  s t a t i s t i c  o f  i n t e r e s t  was t he  p ropo r t i on  
o f  small g ra ins  grown i n  t h a t  year.  The t r a i n i n g  dots  had p rev i ous l y  been 
labe led  by A1 ' s  f o r  the  P1 crop p ropo r t i on  est imates.  As a  r e s u l t ,  P I  e s t i -  
mates and ground- t ru th  values of the  s t a t i s t i c  i n  ques t ion  were a v a i l a b l e  f o r  
comparison. For each of t h e  acqu i s i t i ons ,  t h e  spec t ra l  data were f i r s t  pro- 
j ec ted  onto t he  Kauth-Thomas greenness-brightness plane ( r e f .  3) ,  and a l l  
analyses were conducted on t h i s  reduced data se t .  
3. MAXIMUM LIKELIHOOD PROPORTION ESTIMATION AND CLUSTER LABELING PROCEDURE 
The f o l  lowing i s  a  d e s c r i p t i o n  of the  maxinun 1  i k e l  i hood p ropo r t i on  es t ima t i on  
and c l u s t e r  l a b e l i n g  procedure evaluated i n  t h i s  study. The purpose i s  t o  
ob ta in  est imates of the  p ropo r t i on  o f  the  c l a s s  o f  i n t e r e s t  ( i n  t h i s  exper i -  
ment, small g ra ins )  i n  each component d i s t r i b u t i o n  o r  c l u s t e r  generated by t h e  
CLASSY prbgram. 
Suppose t h a t  t he  CLASSY progran i s  used t a  approximate t h e  m u l t i v a r i a t e  mix- 
t u r e  dens i t y  of the data.  Th i s  w i l l  r e s u l t  i n  a  set  o f  m u l t i v a r i a t e  normal 
d i s t r i b u t i o n s  p ( x ( i ) ,  i = 1, * * - ,  c, and a  se t  of p r i o r  p r o b a b i l i t i e s  ai, 
i = i, , c. Now suppose t h a t  we have a  se t  of data p o i n t s  x  j = 1, - * * ,  N, j ' 
and a  set  o f  poss ib le  c l ass  l a b e l s  (,, t = 1, * * * ,  M. Then, t h e  j o i n t  proba- 
b i l i t y  o f  observ ing data p o i n t  X j  assoc ia ted w i t h  l a b e l  (t may be formulated 
as fo l l ows .  
Assume t h a t  
p(3,1xj,i) = p(c, l i )  = Bgi ( 2  
which imp l ies  t h a t  t he  l a b e l  random v a r i a b l e  ), i s  c o n d i t i o n a l l y  independent 
o f  t he  observat ion x j ;  i .e., g iven t h a t  one i s  sampling from d i s t r i b u t i o n  i, 
no f u r t h e r  i n f o rma t i on  i s  conveyed by knowing x j .  
Using t h i s  model, we see t h a t  the  propor,:.ion o f  c l ass  : may be est imated as 
and jei may be i n t e r p r e t e d  as the  p ropo r t i on  o f  d i s t r i b u t i o n  i t h a t  i s  
composed of c l ass  s t .  
A l t e r n a t i v e l y ,  each c l u s t e r  may be labe led  by s e l e c t i n g  t he  c l ass  w i t h  t he  
l a r g e s t  value o f  Bgi. A p ropo r t i on  es t imate  may then be obtained as fo l lows:  
f o r  a l l  i such t h a t  Bei 
= ; 'ji ( 4  
The f i r s t  p ropo r t i on  es t imato r  w i l l  be c a l l e d  a  s t r a t i f i e d  maximum l i k e l i h o o d  
est imator ,  and t h e  second w i l l  be c a l l e d  a  labe led  c l u s t e r  maximum 1  i k e l  ihood 
p ropo r t i on  es t imato r .  
To est imate ari, a  maximum l i k e l i h o o d  apprdach may be used, assuming t h a t  a l l  
a and p ( x  . I  i )  a re  knawn. i J 
Given a  random sample o f  l abe led  data po in t s ,  t he  l i k e l i h o o d  f u n c t i o n  i s  
where x  , j = 1, , N,, a re  those c!ata p o i n t s  labe led  as coming from c l a s s  ". 
j, 
Under t h e  model, t he  l i k e l i h o o d  func t ion  nay be w r i t t e n  as 
Tak ing t h e  l o g  o f  t he  l i k e l i h o o d  f u n c t i o n  and i n t r o d u c i n g  t he  c o n s t r a i n t  t h a t  
M 
Bgi = 1 f o r  1 = 1, - * * ,  c, us ing  Lagrangfan m u l t i p l i e r s ,  t h e  f unc t i on  t o  
a  =l 
be maximized becomes 
3 F Maximizing w i t h  respect  t o  the  Bai r e s u l t s  i n  a  s o l u t i o n  of - = 0, which i s  
g i  ven by a a i  
where 
Thus, t he  Bai terms may be est imated us i ng  a f i xed-po in t  i t e r a t i o n  scheme 
beginn ing w i t h  
- 1 ; O = 1 , - - - ,M and i = i , - - - , c  
- -
'ti M (10) 
4 .  RESULTS 
The r e s u l t s  o f  t he  ex re r i nen t  are g iven i n  t a b l e  1. 
a. Column 1 conta ins t he  LACIE segment number. 
b. Column 2 conta ins t he  percentage of small g ra ins  found i n  t h e  segment, as 
computed from ground- t ru th  in format ion.  
c. Colu~nn 3 conta ins an est imate of t he  sma l l -g ra in  percentage obta ined by 
c l u s t e r i n g  every o ther  p i x e l  i n  t h e  segr~ent us ing  t h e  CLASSY program. The 
naximum 1  i k e l  i hood procedure descr ibed i n  the  prev ious sec t i on  was then 
used t o  est imate t he  p ropo r t i on  of small g ra i ns  i n  each CLASSY c l u s t e r ,  
us ing  a  set  o f  approximately 200 A1 l a b e l s  f o r  t r a i n i n g .  A weighted aver-  
age sma l l -g ra in  percentage est imate was then a t t a i n e d  by m g l t i p l y i n g  t h e  
s i z e  o f  each c l u s t e r  ( i  .e., i t s  p r i o r  p r o b a b i l i t y )  by i t s  p ropo r t i on  o f  
smal l  g ra i  ns and summi ng over c l u s t e r s .  See equat ion ( 3 ) .  
d. Column 4 conta ins t h e  p ropo r t i on  of t h e  A 1  l a b e l s  t h a t  were l abe led  smal l  
gra ins;  i .e., a  s imple random sawple o f  t he  approximately 200 t r a i n i n g  
p i x e l s  . 
e. Column 5 conta ins an e s t i n a t e  o f  t h e  p ropo r t i on  of smal l  g ra ins  obta ined 
by c a l l i n g  an e n t i r e  CLASSY c l u s t e r  small g ra ins  o r  nonsmall gra ins,  i f  i t  
had been est imated t o  con ta i n  a  p l u r a l i t y  of one category o r  t he  o the r  
us ing  the  maxinun l i k e l i h o o d  technique. Thus, the  e s t i n a t e  i s  t he  sum o f  
t h e  p r i o r  p r o b a b i l i t i e s  of the  sma l l -g ra in  c l u s t e r s .  See equat ion ( 4 ) .  
f. Column 6 i s  t he  P 1  est imate of small g ra ins  a c t u a l l y  obta ined d u r i n g  t h e  
LACIE T r a n s i t i o n  Year processing o f  each segment. 
g. Column 7 i s  an e s t i n a t e  of the  percentage of small g ra i ns  obta ined by 
d e r i v i n g  a  F isher  l i n e a r  c l a s s i f i e r  (us ing  equal a  p r i o r i  p r o b a b i l i t i e s )  
from t h e  labe led  t r a i n i n g  p i x e l s .  This c l a s s i f i e r  was then app l ied  t o  
every second p i x e l  i n  t h e  segment, and t h e  p ropo r t i on  of those c l a s s i f i e d  
as small g ra iqs  was computed. Thus, exac t l y  t h e  same data were used f o r  
t h i s  est imate as were used fo r  t h o  ma:;imun l i k e l i h o o d  c l u s t e r  l a b e l i n g  
procedure. 
TABLE 1,- SUMWRY OF PHOPORTIOFI ESTIMATES 
Sec~erit 
(1) 
1394 
1457 
1518 
1584 
1602 
1619 
1668 
1825 
1909 
1918 
Ground 
truth 
(2) 
35 .45 
47.72 
34.16 
51.58 
30.42 
47.91 
3.49 
26.69 
22 -35 
15 .M 
Mean bias 
Mean squared error 
S t r a t i f i e d  
maximum 
likelihood, X 
(3) 
35 -64 
31 -20 
26.81 
45 -38 
24 -41 
38.32 
7.49 
22.75 
10.18 
18.54 
-6.01 
67.4 
random 
sample, X 
(4 1 
33.49 
30.35 
20.63 
45.93 
23 -53 
36 -68 
7.55 
22.01 
10.05 
17.31 
- 
-7 -33 
87.6 
Maximum 
l ikel ihood 
c luster  
* 
( 5 )  
27 -66 
25.71 
20.67 
36.93 
21.79 
39.19 
6.34 
19.33 
9.34 
18.16 
-9.57 
134 .O 
pl,l 
( 6 )  
40.0 
31 .O 
28 .O 
55 .!I 
22 -8 
50.4 
5 .O 
29.5 
9 .O 
21 .O 
-2 -94 
65 .1 
2 
-1 9 
27 .O 
Fisher 1  i near 
c l a s s i f i e r  
(equal a  p r i o r i  
probabi l i t ies) ,  X 
(7 
34 -67 
36.41 
32.78 
49.1 0 
31.84 
47 -61 
11.77 
28.95 
23.61 
25.94 
-8 -22 
$9.7 
Fisher 
empi t i c a l  
Eayes 1 incar 
c l a s s i f i e r ,  X 
( 8 )  
28.53 
27 -59 
25 -93 
48.35 
22 .22 
37.33 
6.93 
22.71 
6.26 
12.55 
h. Column 8 i s  an est imate o f  the  percentage o f  small g ra i ns  obta ined from 
:he F i  sher enpi r i c a l  Bayes I l near classifier, where the  c rop  a p r l o r i  
p r o b a b i l i t i e s  a re  assumed equal t o  t h e  s imple random sample es t imate  
obtained from t h e  A 1  dots.  
A t  t he  bottom of each column o f  est imates I s  t h e  mean e r r o r  I n  t h e  percentage 
cf small g ra ins  as observed from ground t r u t h  ( t h e  b i a s )  and t h e  mean squared 
e r r o r  i n  t h e  est imated percentage o f  small g ra ins .  
5. COP-ICLUSI 074 AIlD REC3MY.1EIIDRT IOYIS 
The r e s u l t s  presented i n  t a b l e  1 suggest t h a t  t h e  F i she r  1  i near c l a s s l f l e r  
w i t h  equal a  p r i o r i  p r o b a b i l i t i e s  (column 7)  was t he  best  p r o p o r t i o n  estima- 
t i o n  technique bo th  i n  terms of b i a s  and mean squared e r r o r .  There seems t o  
be no reason t o  expect t h i s  advantage from the  l i n e a r  c l a s s i f i e r .  Two pos- 
s ib1  e  i n t e r p r e t a t i o n s  a re  presented: (1) Perhaps t h e  1 I near c l a s s i f i e r  
requ i res  r e l a t i v e l y  fewer parameters t o  be est imated than e i t h e r  t he  maximum 
l f k e l i h o o d  techniques o r  21; t h 4 s  may have l e d  t o  a  s t a b i l i t y  which was 
expressed i n .  t he  lower mean squared e r r o r .  ( 2 )  A1 though A 1  1 abel s  in t roduced  
b iases i n t o  t h e  p ropo r t i on  est imates,  these same l a b e l s  were, on t he  average, 
f a i r l y  good a t  cha rac te r i z i ng  t he  d i s t r i b u t i o n  o f  sma l l -g ra in  and nonsmal l- 
g r a i n  s ignatures.  
Thus, t he  F isher  c l a s s i f i e r  w i t h  equal c p r i o r i  p r o b a b i l i t i e s  was ab le  t o  
e f f e c t i v e l y  use t h e  A I ' s  a b i l i t i e s  t o  cha rac te r i ze  t h e  s i gna tu re  of smal l  
a ra fns  and nonsmall gra ins.  Th i s  con jec tu re  1s suppcrted by t h e  r e s u l t s  
obtained from the  F isher  emp i r i ca l  Bayes l i n e a r  c l a s s i f i e r  (column 8 ) .  Th i s  
c l a s s i f i e r  i s  i d e n t i c a l  t o  t h e  F isher  c l a s s i f i e r  used t o  o b t a i n  t h e  r e s u l t s  
shown i n  column 7, except t h a t  t h e  a  p r i o r i  p r o b a b i l i t i e s  o f  t h e  crops were 
s e t  equal t o  t he  simple random sample est imate obta ined from t h e  A1 do ts  used 
t o  t r a i n  the  c l a s s i f i e r .  The b i as  and mean square e r r o r  obta ined f o r  t h e  
F i she r  emp i r i ca l  Bayes l i n e a r  c l a s s i f i e r  a re  very s i m i l a r  t o  t h e  r e s u l t s  
obta ined from most of the o ther  p ropor t  i o n  es t ima t i on  procedures. 
The s t r a t i f i e ?  maximum l i k e l i h o o d  estimate and P1 performed about equal ly  i n  
terns o f  mear~ squared e r ro r .  This r e s u l t  i s  contrary t o  prevfous studies, 
which indicated a  reduct ion i n  mean squared e r r o r  fo r  the s t r a t i f i e d  maximum 
l i ke l i hood  est imatfon technique as compared t o  P 1  when both techniques used 
about 100 ground-truth-labeled p ixe ls .  It appears tha t  e r ro rs  present I n  the 
A 1  labels  are s u f f i c i e n t  t o  n u l l i f y  any advantage o f  s t r a t i f i e d  maximum 
l i k e l i h o o d  est imat ion over P1. 
S t r a t i f i e d  maximun 1  i k e l  ihood est imation e x h i b i t s  an advantage over the sfmple 
random sampling method. Thls r e s u l t  i s  consistent w i th  the previous r e s u l t s  
obtained using ground t r u t h .  
Cluster label  i n g  using maximum 1 ike: ihae j estimates of c l u s t e r  purf t i e s  was 
the 1  east accurate procedrlre. This technique perfonred poor ly  because of the 
fact tha t  c lus te rs  are not always pure and a lso because erroneous l abe ls  are 
often su f f i c i en t  t o  change the labe l  o f  a c l u s t e r  from t h a t  which would have 
been obtained using ground t ru th .  
I t  i s  recormended tha t  the maximun 1  i k e l  ihood approach t o  p ropor t ion  est  ima- 
t i o n  using CLASSY c l u s t e r  s t a t i s t i c s  be studied fur ther ,  l o t h  t o  understand 
i t s  po ten t ia l  and t o  pave the way f o r  re la ted  but improved techniques fo r  
incorporat ing labe l  i n f o n a t i o n  ( p a r t i c u l a r l y  :,I labe l  i n f o n a t  ion)  i n t o  the 
process of c l u s t e r  propor t ion est imation and l abel i ng. The s ign i  ! icance o f  
the essen t i a l l y  unbiased r e s u l t  obtained wi th the  Fisher 1  i near c l a s s i f i e r  
should be invest igzted.  This f ind ing  may have imp l ica t ions  concerning the 
fundzmental process o f  A1 1  abel i ng . 
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